Abstract. The homogeneous repulsive potentials accelerate a quantum particle and the velocity of the particle increases exponentially in t; this phenomenon yields the fast decaying dispersive estimates and hence we consider the Strichartz estimates associated with this phenomenon. First, we consider the free repulsive Hamiltonian and prove that the Strichartz estimates hold for every admissible pairs (q, r), which satisfy 1/q+n/(2r) ≥ n/4 with q, r ≥ 2. Second, we consider the perturbed repulsive Hamiltonian with the slowly decaying potential such that |V (x)| ≤ C(1 + |x|) −δ for some δ > 0, and prove the Strichartz estimate with the same admissible pairs for the free case.
Introduction
In this paper, we consider the homogeneous repulsive Hamiltonian H 0 which is defined by
where x = (x 1 , x 2 , ..., x n ) ∈ R n and τ ∈ R \ {0} is a constant. It is known that H 0 is essentially self-adjoint on C ∞ 0 (R n ), and we denote the unique self-adjoint extension by the same symbol H 0 . The following exponentially decaying dispersive estimates play an important role in some issues associated with repulsive Hamiltonian;
and
for φ(s) ∈ S (R n ). This estimates are deduced by the generalized Mehler's formula (see Hörmander [15] and (2.10) of Bony-Carles-Häfner-Michel [2] ) and the unitarity of e −i(t−s)H 0 on L 2 (R n ). The first Theorem of this paper is deducing the Strichartz estimates associated with dispersive estimates (1) and (2) ;
Here let us consider the case where |t − s| ≤ 1. Then, for all κ ≥ n/2 it follows that | sinh(τ (t − s)) −n/2 | ≤ C|t − s| −n/2 ≤ C|t − s| −κ .
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Conversely, consider the case where |t − s| > 1. Then for all κ ≥ n/2, | sinh(τ (t − s)) −n/2 | ≤ |t − s| −κ |t − s| κ | sinh(τ (t − s))| −n/2 ≤ C|t − s| −κ holds. Consequently, one can get that for all κ ≥ n/2,
Figure 1: For n = 1, the closed region is repulsive-admissible pairs Here we let call a pair a pair (q, r) admissible pair if it satisfies
Then for all admissible pairs (q, r), we can get the Strichartz estimates as the direct consequence of Theorem 1.2 of Keel-Tao [19] . Since we can choose κ ≥ n/2 arbitrarily, we have
In this paper, if a pair (q, r) satisfies
we call a pair (q, r) repulsive-admissible pair. For n ≥ 3, a pair (q, r) = (2, 2n/(n − 2)) is called end point and the proof of the Strichartz estimates for the end point requires the complicated argument. However, by the virtue of dispersive estimates (1) and (2), one can include end point in the assumption of repulsive admissible pair. The first theorem of this paper is the following: Theorem 1.1. Let the (q, r) and (q,r) be repulsive-admissible pairs. Then the following estimates hold:
where
and thatq andr denote the Hölder conjugate ofq andr i.e. 1/q + 1/q = 1 and 1/r + 1/r = 1.
Thus, the Strichartz estimates hold in the region 1/q + n/(2r) ≥ n/4 and q, r ≥ 2 (see figure 1. 2. 3) and this type of estimate probably has been unknown. Hence, exponential decay (1) expands the region of (q, r) on which the Strichartz estimates holds from line (4) with κ = n/2 in the region (5) . An application of Theorem 1.1, we consider the full Hamiltonian H = H 0 + V and prove the same estimate in (6) for e −itH , where V is the multiplication operator of V (x) which is C 2 (R n ; R) and satisfies that for some δ > 0 and for any multi-index α with |α| ≤ 2, there exists the constant C > 0 such that
Here we remark that we can choose δ > 0 arbitrarily small. The second theorem of this paper is the following: Theorem 1.2. We let (q, r) be a repulsive-admissible pair. Then for all f ∈ L 2 (R n ) the following estimates holds:
If the repulsive potential −τ 2 x 2 is absent, it needs V (x) ∈ L n/2 (R n ) in order to prove the time-global Strichartz estimates. In terms of the decaying order in x, we need to assume V (x) decays |V (x)| ≤ C x −2−δ 0 for some δ 0 > 0. If δ 0 ≤ 0, it was proven that the Strichartz estimates did not always hold by Goldberg-Vega-Visciglia [13] . Hence, as far as we know, there are no works of Strichartz estimates for the slowly decaying potential such like (8) . (If we admit some regularities in u, the Strichartz estimates can be proven for such slowly decaying potentials (e.g. Bouclet-Tzvetkov [5] )).
In the case of τ = 0 and V ≡ 0, the Strichartz estimates were firstly considered and proven by Strichartz [24] for the case of q = r, and the conditions of the admissible pair stated in [24] was relaxed in some papers see, e.g., Genibre-Velo [10] , Yajima [26] . In particular, in [19] , it was proven so called end-point Struchartz estimates. Moreover, for the case of τ = 0 and V ∈ L n/2 (R n ), the dispersive estimates and Strichartz estimates were considered by D'Ancona-Pierfelice-Visciglia [8] Goldberg [11] Goldberg-Schlag [12] Journé-Soffer-Sogge [14] , Rodonianski-Schlag [23] and so on. As the concrete model of a potential, which does not satisfy the condition of [13] and is not in L n/2 (R n ), the repulsive potential V (x) = C ha |x| −2 has been studied in many papers and obtained many results associated with Strichartz estimates (e.g., [20] , Pierfelice [22] ), where C ha is a positive constant smaller than or equal to a constant arisen from the Hardy inequality. However, if V / ∈ L n/2 (R n ), and V can not be written by C ha |x| −2 , it seems difficult to consider the Strichartz estimates. Recently, some issues associated to the homogeneous repulsive Hamiltonian has been studied in some papers, see, [2] , Carles [6] , Fang-Han [9] and Ishida [16] and so on. In particular, Carles [6] studied some issues of the nonlinear equation i∂ t v = H 0 v + λ|v| 2b v, with b < 2/(n − 2) and λ ∈ R by using the Strichartz estimates with the admissible pair (q, r), which satisfies 1/q + n/(2r) = n/4, not (5) . Hence, our results may make us to improve some of results of [6] and may be enable us to consider the nonlinear Schrödinger equations with homogeneous repulsive potential −τ 2 x 2 and with the perturbation V . As is well known that if τ 2 is negative i.e., τ ∈ C with Reτ = 0, it is impossible to prove the time-global Strichartz estimates since the term | sinh(τ (t − s))| −n/2 in dispersive estimates never converges to 0 as |t − s| → ∞. Hence it was only proven the time-local Strichartz estimates (see, e.g. Yajima-Zhang [27] ).
Conversely, if the τ 2 is positive, the coefficient | sinh(τ (t − s))| −n/2 converges to 0 exponentially, and it is enable us to prove the time-global Strichartz estimates. Here we remark that the dispersive estimate (1) is "inhomogeneous", that is, the coefficient of (1) acts like | sinh(τ (t − s))| −n/2 for |t − s| ≥ 1 but it acts like |t − s| −n/2 for |t − s| ≤ 1. In that case, it may be difficult to apply the method in [19] , directly. In KawamotoYoneyama [18] , the Strichartz estimates for the inhomogeneous dispersive estimates were considered, more precisely, it was considered that the case where the the coefficient of dispersive estimate acts like |t − s| −n(1−ε)/2 for |t − s| ≥ 1, |t − s| −n/2 for |t − s| ≤ 1 and for some 0 < ε < 1/2. In that case, by introducing the time-weighted space, we succeeded to avoid the difficulties arising from inhomogeneous dispersive estimate. In the homogeneous repulsive case, our approach to get over this difficulty is to reduce the decaying order from | sinh(τ (t − s))| −n/2 to |t − s| −κ for |t − s| ≥ 1 with κ ≥ n/2. Since it is clear that |t − s| −n/2 ≤ |t − s| −κ for |t − s| ≤ 1 and κ ≥ n/2, one gets the estimates to which we can apply the method in [19] . However, because of using this reduction, it seems difficult to apply Theorem 1.1 to the potential decaying like (log(1 + |x|)) −2−ε , which class of potential is optimal for the repulsive case, we consider.
Resolvent estimates and the proof of Theorem
In the following, for simplicity, we denote the norm of
Here we mimic the approach of [23] (see also [3] ). By the Duhamel's formula, it can be obtained that
Here we additionally impose µ > max{2, n}. Then the Hölder conjugate of (2µ/(µ + 1)) satisfies (2µ/(µ + 2)) = 2µ/(µ − 2) > 0 and
which implies that (2, 2µ/(µ − 2)) is a repulsive-admissible pair. By using Theorem 1.1, one has
Hence, if one gets
which completes the proof of Theorem 1.2.
In the following, we shall prove (10). Here we use the Kato smooth perturbation theory (see Kato [17] ). First of all, the following Lemma holds; Lemma 2.1 (D'Ancona [7] ). For some closed operator G with the dense domain D(G) ⊂ L 2 (R n ) and a small constant ν 0 > 0, if the inequality
holds, then the following inequalities also hold
Here we replace G by |V | 1/2 in (11) and prove
Then by the Lemma 2.1 with G = |V | 1/2 , we have (10), which gives the proof of Theorem 1.2. Here it is easily obtained that
holds, where · B(L 2 (R n )) is the operator norm on L 2 (R n ). Hence, in the sequel, we shall prove so-called "Limiting absorption principle" :
for some small positive constant ν 0 > 0. The proof is divided into two subsections: In the first part, we give the proof of (12) for the low-energy case by using the Mourre estimates, such a estimate for the repulsive Hamiltonian was obtained by [2] . Since the eigenvalue of H is empty under our assumption, only for the case where λ is in a compact interval, we can easily prove (12) as the direct consequence of the Mourre estimate.
In the second part, we give the proof of (12) for the high-energy case by using the argument in Yajima [25] and the resolvent estimate:
Low-energy estimate
At first, we shall prove the low-energy resolvent estimate. Before proving the limiting absorption principle, we consider the Mourre estimate, which was firstly considered by Mourre [21] to prove the nonexistence of singular continuous spectral of Schödinger operator −∆/2 + V . This estimates for the homogeneous repulsive Hamiltonian is considered by [2] . If V satisfies (8) it immediately holds V ∈ L p (R n ) for large p > 1. Hence, by applying Theorem 2.8 and Remark 2.9 in [2] , the eigenvalue of H is empty. To consider the Mourre estimate, we shall introduce a conjugate operator A associated with H, which is formally written as
Exactly, A is defined as the pseudo-differential operator, see (3.2) of [2] . By using this operator, we firstly prove the following limiting absorption principle. Until the end of this paper, we put R > 0 is a enough large constant.
, and then for all s > 1/2 there exists a constant C R,1 > 0 such that
Proof. Here we fix λ 0 ∈ R, put µ is the same one in (12) and define ϕ δ 0 ∈ C ∞ 0 (R) as follows:
where δ 0 is a positive constant. Then it immediately follows that
By the definition of ϕ δ 0 , we have
where E H (θ) is the spectral decomposition of H. Hence, we shall prove the localized limiting absorption principle
Noting that σ pp (H) = ∅, we can define ϕ δ 0 on the any region on R. By the commutator calculation (see, proof of (3.31) in [2] ), we obtain
where δ 1 > 0 is positive constant and K is a compact operator on L 2 (R n ). Compactness of ϕ δ 0 (H)i[V, A ]ϕ δ 0 (H) was also proven by [2] . Since ϕ δ 0 (H) → 0 weakly as δ 0 → 0, K is a compact operator and σ(H) = σ ac (H), we have the strong limit s-lim
It yields the Mourre estimate
by choosing δ 0 > 0 sufficiently small, where 0 < δ 2 < δ 1 . This positive commutator and sub-consequence of the Mourre theory (see, [21] or [2] ) imply (14) . This fact yields that there exist a sequence {θ j } j∈{0,1,...,J−1} , J ∈ N, J < ∞ with θ j − θ j−1 > 0 such that
where C j > 0 is a constant and dependents only on ν 0 and θ j − θ j−1 . Hence, by letting
The following theorem can be obtained by the consequence of Proposition 2.2.
Proposition 2.3 (Low energy estimate)
. If the limiting absorption principle (13) holds, then
where C R,2 depends on R.
Proof. It immediately follows from
By (3.13), (3.14) and (3.15) of [2] , x −δ/2 A s is bounded operator. Thus the inequality (15) is obtained.
Unfortunately, right-hand side of (15) depends on R and the limiting absorption principle fails in the case R → ∞, and that we need to give the another estimate for the high energy case.
High-energy estimates
Let us define
where ρ > 0 is a constant given later. For all φ ∈ L 2 (R n ), we also define
In this subsection, we prove that for some constants C 0 > 0 and C 2 > 0, they are independent of ν,
Then by the interpolation theorem arisen from Hadamard three lines theorem, it follows that
holds. By using this estimate, we can prove (10) for high-energy case. In order to deduce the estimates of A 0 and A 2 , we introduce the following lemma.
Lemma 2.4. Let ρ > 0 and Q ≥ 2 with ρQ > n and Q > n. Then there exists a constant C > 0 such that
Proof. We mimic the approach of Kato [17] . By using the Hölder inequality, for 1/P + 1/Q = 1/2 we have
By (1), (2) and Riesz-Tholin's interpolation theorem, we have for
Hence (18) and (19) yield
This inequality yields (l.h.s. of (17)
which gives the proof of Lemma 2.4.
Now let us prove
The inequality A 0 ≤ C 0 immediately holds by Lemma 2.4 and Laplace transform.
For simplicity, we only consider the case λ > 0 and 0 < ν ≤ ν 0 since the other cases can be proven by the almost same way. By the Laplace transform
The above inequality follows from (20) . The integral kernel of e −iσH 0 is obtained (e.g. [2] ) as
for ψ ∈ S (R n ). Hence, we have 
Thus we have A 2 ≤ I 1 + I 2 ≤ C 2 λ −1/3 . By (16) with ρ = θ = δ/4, we obtain
Theorem 2.5. Assume V ∈ C 2 (R n ) satisfies (8) . Then for all φ ∈ L 2 (R n ), there exists C > 0 such that
Proof. First, noting (21), we notice that for large λ 1 the Birman-Schwinger operator
is invertible uniformly in ν and λ 1. Then by mimicking the approach of Yajima [25] , it follows that
with ρ 1 = |V | 1/2 sign(V ), ρ 2 = |V | 1/2 , which completes the proof.
Combining Proposition 2.3, Theorem 2.5 and the scheme of [7] , we finally obtain Theorem 1.2.
